Abstract: Although, the evaluation of the nanohardness of amorphous silicon (a-Si) has been the subject of a few experimental works but, to date, it has not been addressed theoretically yet. In this work, first principles Kohn-Sham density functional theory (DFT)-based molecular dynamics (MD) in combination with Mohr-Coulomb criterion is employed to calculate the ideal shear strength of the damped MD annealed a-Si sample containing dangling and floating bonds which are pertinent to the threefoldand fivefold-coordinated defects, respectively, as well as distorted tetrahedral bonds. The stress state beneath the nanoindenter is triaxial, and is accounted for properly. The calculated values of nanohardness are in reasonable agreement with those values measured experimentally. Consideration of the electronic charge distribution under the state of triaxial tension test reveals that the yield phenomenon in a-Si is accompanied by the transformation of a threefold-coordinated Si atom to a fourfold-coordinated.
Introduction
The idea of measuring the strength properties of materials through indentation of their plane surface by a strong indenter dates back to the work of Calvert and Johnson [1] . Some years later, Brinell [2] proposed way of determining the hardness of bodies, which was utilized by Wahlberg [3] for obtaining hardness and other properties of iron and steel. The so-called "Brinell test" is the basis for the nowadays investigations of the hardness which is a measure of the materials' plastic flow resistance. Tabor [4] [5] [6] is one of the most prominent investigators who has extensively contributed to the understanding of indentation hardness. Tabor [4] was the first to describe different stages of deformation due to indentation by a ball: elastic deformation, plastic flow and work hardening followed by elastic recovery after removal of the load. Accurate ideal shear strength measurement is possible through nanoindentation test, in which an indenter with a tip radius of a few nanometers to a few microns is pressed into the material surface. Gane and Bowden [7] , in their pioneering study on microdeformation of solids have employed indentation at small loads and length-scales to measure the theoretical shear strength; they noted that the result could be remarkably different from that measured at larger scales. Later, Tabor [6] has referred to the measurement made by Gane and Bowden [7] at such small-scales as picohardness. Nevertheless, these type of studies are well-known as nanoindentation and nanohardness. A fairly thorough literature on the evolution of the works on the subject up to 2009 is available in the review paper of Hutchings [8] .
It is noteworthy to mention that the actual stress state beneath the indenter in nanoindentation test is triaxial. Moreover, due to the disordered nature of the amorphous materials, it is expected that the theoretical shear strength would depend on the normal stress acting on the shear displacement [9] . Hence, the theoretical shear strength obtained from the fully relaxed circumstance of pure shear load will not be in accordance to the experimental nanohardness [10] . Roundy et al. [11] calculated the ab initio values of theoretical shear strengths in tungsten using pure shear loads. Their results were lower than that of experiment of Bahr et al. [12] by a factor of π/2. Krenn et al. [13] , who included both the triaxial state of the load at yield in their ab initio density functional theory (DFT) calculations and the nonlinearity of the elastic response at large strains in the analysis of the experimental data, observed good agreement between the experimental and theoretical shear strength obtained for tungsten as well as molybdenum.
For the two well-known yield criteria, Tresca and von Mises, the flow stress is independent of the normal component of the stress state and depends only on the deviatoric component. Among the criteria which can incorporate the effect of the hydrostatic stress, the MohrCoulomb criterion has been found appropriate to obtain the yielding locus in pressure-sensitive isotropic polymers [14] and amorphous metallic alloys [15] [16] [17] [18] . Donovan [15] examined the low-temperature yielding of Pd 40 Ni 40 P 20 metallic glass under uniaxial compression, plane-strain compression, pure shear and tension. He concluded that, in contrast to polycrystalline metals which is describable by von Mises yield criterion, the amorphous metallic alloy Pd 40 Ni 40 P 20 obeys one Mohr-Coulomb criterion. In addition, Schuh and Lund [19] using an atomic-level consideration demonstrated that the shear yield stress in amorphous metals is normal stress-dependent due to their disordered atomic structure. They used LennardJones potentials to consider inter-atomic interactions in amorphous metals and showed that their asymmetric yielding behavior follows the Mohr-Coulomb criterion which is unequivocally related to both tensile and compressive normal stresses via a single line.
In this study, we seek to estimate the minimum shear stress required to plastically deform an amorphous silicon (a-Si) sample containing both dangling (threefoldcoordinated) and floating (fivefold-coordinated) bonds as well as distorted tetrahedral bonds [20, 21] using first principles Kohn-Sham DFT-based molecular dynamics (MD). Although the ideal shear strength of crystalline silicon (c-Si) has been evaluated theoretically using DFT [22] but that of a-Si has not been previously studied in the literature via any theoretical approaches. Fortunately, the experimental measurement of nanohardness of a-Si has been the subject of several articles, for instance, by Kulikovsky et al. [23] , Danesh et al. [24] , and Haberl et al. [25, 26] . In the current work, following ab initio calculations Mohr-Coulomb criterion will be employed to obtain the theoretical shear strength of our a-Si sample. The obtained results will then be compared with the available experimental results in Refs. [23] [24] [25] [26] .
Preparation of a-Si with inherent structural defects
We employ first principles DFT calculations using total energy and Born-Oppenheimer MD program VASP (Vienna ab initio simulation program) [27] [28] [29] to prepare the damped MD annealed sample. An ensemble including 64 Si atoms is considered within a cubic cell with the periodic boundary conditions, and the density of the ensemble is set to the experimental equilibrium density of the crystalline silicon (c-Si), n = 0.04996 Å -3 . Exchange and correlation effects are described by the local density approximation (LDA) [30] . The calculations are performed using projector augmented wave (PAW) potentials [31, 32] , and a 6 × 6 × 6 Monkhorst-Pack grid is utilized to represent the reciprocal-space.
The simulation is started by heating c-Si which is initially at T = 0 K at the temperature rate of 12 -1 7.1 10 K s T = × to generate liquid silicon (l-Si) at T = 1800 K. Then, the equilibrated l-Si at T = 1800 K is cooled down using different thermal treatments with different MD time steps to prepare annealed amorphous solid equilibrated at T = 300 K. The thermal history which we apply to generate annealed a-Si sample at T = 300 K is performed using a finite temperature-constant volume ab initio MD and is documented in Table 1 . The employed thermal processes result in the formation of both the threefold-and fivefold-coordinated defects within the sample. Note that the thermal treatments presented in Table 1 are carried out at a prefixed temperature in the canonical ensemble using Nosé dynamics [33] . Afterwards, a damped MD quench is applied to the generated annealed sample at T = 300 K to prepare the annealed a-Si sample at T = 0 K, which in this study is referred to the damped MD annealed sample.
We employ the electronic charge distribution to recognize the structural defects which are present within our generated sample. We observe the distorted fivefold-coordinated Si atoms ( Figure 1A ) with the trigonal bipyramid-like configurations ( Figure 1B ). In fact, utilizing the available d-orbital of the central atom, the fifth Si atom can squeeze itself and make a dative bond. Thus, a distorted fivefold-coordinated shape with the hybridization of sp 3 d forms. Figure 1B displays a view of the structural geometry of atoms in Figure 1A in a way that a trigonal bipyramid configuration is revealed; the bond angles of α and γ, respectively, show a slight deviation from 90° and 120° which are the values of two representative bond angles in a regular trigonal bipyramid. On the other hand, dangling bonds pertinent to threefold-coordinated Si atoms are characterized by observing a sp 3 hybridized orbital forming a trigonal prism as shown in Figure 1C . Consequently, with the aids of the electronic charge distribution it is found that our generated annealed a-Si sample at T = 0 K contains ten dangling bonds and six floating bonds. The validity of our representative a-Si sample has been checked in our recent works [20, 21] from different viewpoints; to this end, the pair correlation function, the radial distribution function, elastic constants, Young's modulus, Bulk modulus, cohesive energy, surface energy, and the electronic density of states (DOS) of our generated a-Si sample have been verified to be in good agreement with the available experimental and theoretical results in the literature.
Throughout this section, the yield phenomenon via the consideration of the electronic charge distribution and the computational details for determination of the nanohardness, H of the damped MD annealed a-Si are presented. On the basis of the Mohr-Coulomb criterion, the theoretical shear strength, τ on a plane is related to the normal stress, σ n acting on that plane as
where the material constants c and φ are the cohesion and the angle of internal friction, respectively. In this work, the material constants c and φ are evaluated through consideration of the yield points associated with three types of loading, namely uniaxial tension, triaxial tension, and triaxial compression. The uniaxial tension loading, referred to as relaxed condition, is exerted by employing strain along a 3 = [001] direction in increments of 0.005 and allowing stresses along the other two perpendicular directions a 1 and a 2 vanish after each increment. On the other hand, the triaxial tension and compression are modeled, respectively, via the application of the uniaxial tensile strain and compressive strain, both under unrelaxed conditions; the uniaxial strain is applied to the prepared a-Si sample along a 3 = [001] direction in increments of 0.005. For the two cases under unrelaxed conditions since the system is not permitted to relax along the a 1 and a 2 directions, then ϵ 11 = ϵ 22 = 0, and ϵ 33 ≠0, while σ 11 , σ 22 , σ 33 ≠0, producing the triaxial tension/compression mode. The variation of the true stress as a function of true strain up to the yielding point of our a-Si sample under both relaxed (uniaxial tension) and unrelaxed (triaxial tension/compression) conditions is shown in Figure 2A . It is observed that the yielding stress associated with the uniaxial tension test is According to the the Mohr-Coulomb criterion, the principal yield stresses corresponding to the uniaxial and (1 sin )-(1-sin ) 2 cos ,
which result in c = 5.02 GPa and φ = 12°. Moreover, the principal yield stresses obtained from the triaxial compression test may be utilized to calculate the angle of internal friction, φ′ associated with the response of the a-Si sample to compression via the following relation ( ) ( ) 33 22 (1-sin )-
leading to φ′φ. For our a-Si sample, both in compression and tension, the yield shear stress obeys a single line described in Eq. (1). The nanohardness of the sample using the value of the principal yield stresses corresponding to the compression region can be calculated as: 
Note that, the parameter ν in Eqs. (6) and (7) is the Poisson's ratio of a-Si calculated in Ref. [20] as 0.246. Based on Eqs. (6) and (7) c tri c tri σ σ = = Using these principal yield stresses and Eq. (5) the value of the nanohardness for our a-Si sample becomes H = 8.28 GPa which is reasonably close to the previous value of H = 7.37 GPa, which was obtained by using the values of the principal yield stresses calculated directly from the ab initio DFT simulation of the triaxial compression test.
The values of the nanohardness calculated in the current work are in reasonable agreement with the experimental nanoindentation measurements presented in the literature. For example, Kulikovsky et al. [23] measured the hardness of a-Si films at room temperature using nanoindentation technique with a Berkovich indenter at a load of 50 mN. They prepared a-Si films with thickness of 4.5-6.5 μm and reported H = 8.8-10.6 GPa for the films deposited at intense ion bombardment. Danesh et al. [24] determined the hardness of the as-prepared a-Si films by nanoindentation using depth profiling. They performed DC magnetron sputtering in Ar atmosphere at a substrate temperature of 300°C to generate 400 nm thick a-Si films. They used a diamond indenter with Berkovich tip for depth profiling and a sharper cube corner tip for low-depth indentations; H = 9.55±0.35 GPa by the former test and H = 10.15±0.26 GPa by the latter one were reported. Haberl et al. [25] presented the plot of load versus penetration depth for a 600-650 nm thick layer of self-ionimplanted a-Si using spherical nanoindentation. To this end, an ultra-micro-indentation-system 2000 with a spherical indenter of ~2.0 μm radius was employed at room temperature. They measured the maximum penetration depth of about 300 nm for unrelaxed a-Si loaded to 20 mN. Using the definition of hardness, H = P max /A, and the load-penetration depth curve given by Haberl et al. [25] , the calculated value of H is about 6.11 GPa; in which, A is the projected contact area and P max is the maximal load. Moreover, Haberl et al. [26] measured a maximum penetration depth of about 530 nm by performing further indentation on 650 nm thick unrelaxed a-Si film at a maximum load of 40 mN, resulting in H = 6.92 GPa. It should be reiterated that there are no theoretical estimation of the nanohardness for a-Si. On the other hand, there are a good number of theoretical and experimental works addressing nanohardness of c-Si. For example, Lide [34] measured the nanohardness of c-Si experimentally to be 11.3 GPa, and Hu et al. [22] using DFT calculations obtained 10.9 GPa.
The details of the atomic configuration and the yield phenomenon occurred in a-Si under the triaxial tension test corresponding to the stages a and b shown in Figure 2A which are, respectively, pertinent to the yield point and just beyond are given in Figures 2B, C, and D . By comparing the relaxed positions of the atoms corresponding to these two stages as in Figure 2B , it is found that the maximum slip happens for the atom number 49; Figure 2B shows the relaxed positions of some atoms around atom number 49 pertinent to steps a and b, respectively, in blue and yellow colors. A close scrutiny of the electronic charge distribution around atom number 49 reveals that it is a threefold-coordinated atom at step a, Figure 2C , and transforms to the fourfold-coordinated atom at step b, Figure 2D . Haberl et al. [25, 26] also studied the deformation behavior of ion-implanted unrelaxed a-Si thin films consisting dangling bond defects under spherical nanoindentation at room temperature. For more details a cross-sectional transmission electron microscopy (XTEM) bright-field image for a-Si layers of about 600-650 nm [25] and 650 nm [26] at 20 mN indent captured by Haberl et al. [26] is displayed in Figure 3 . They concluded that the region immediately beneath the residual indent shows only the diffuse rings indicating an amorphous structure and mode of deformation is plastic flow aided by facilitating propagation of dangling bond defects. We have also found that dangling bonds (threefold-coordinated Si atoms) have important role in the material flow at yielding point.
Conclusion
First principles DFT-based MD is employed to study the yield phenomenon and the nanohardness of a-Si; our damped MD annealed a-Si sample is generated using DFT-based MD and contains dangling and floating bonds, respectively, pertinent to the threefold-and fivefoldcoordinated defects, as well as distorted tetrahedral bonds. In order to calculate the nanohardness of a-Si, three different modes of uniaxial tension, triaxial tension, and triaxial compression are simulated via the first principles calculations. It is observed that the envelop of the yield points is described by a single line according to the MohrCoulomb criterion, suitable for polymers and amorphous metallic alloys. The cohesion and the angle of internal friction of a-Si needed in the equation of Mohr-Coulomb criterion are obtained as c = 5.02 GPa and φ = 12°, respectively. The nanohardness that is the minimum shear strength required to plastically deform a-Si is calculated under the triaxial state of compressive stress which can describe the circumstances of stress state underneath the nanoindenter at the yield point. Although, Eq. (5) was utilized to [26] .
calculate this quantity, the evaluation was done from two different points of view. In the first approach the principal yield stresses in the triaxial compression test were directly obtained from first principles DFT simulation, whereas in the second approach they were computed from the ab initio DFT simulations of the uniaxial and triaxial tension tests, without needing to perform the triaxial compression test. The first and second approaches resulted in H = 7.37 and 8.28 GPa, respectively. The obtained theoretical values of nanohardness are in reasonable agreement with those of the experimental works [23] [24] [25] [26] . Since c-Si in its ideal state is defect free, it is expected to exhibit larger ideal shear strength than that of a-Si containing inherent structural defects. This matter was confirmed through comparison of the current result with those given in Refs. [22, 34] for c-Si. Comparison between the electronic charge distributions corresponding to the yield point and just beyond for the triaxial tensile loading reveals the transformation of a threefold-coordinated atom to a fourfold-coordinated takes place at the site where the maximum slip has occurred. Haberl et al. [25, 26] have also mentioned the helping role of dangling bond defects in the plastic flow of unrelaxed a-Si thin films under nanoindentation test.
